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SEMI–NORMS OF THE BERGMAN PROJECTION
MARIJANMARKOVIC´
ABSTRACT. It is known that the Bergman projection operator maps the space of essen-
tially bounded functions in the unit ball in the d-dimensional complex vector space
onto the Bloch space. This paper deals with the various semi–norms of the Bergman
projection. We improve some recent results.
1. INTRODUCTION AND THE MAIN THEOREM
1.1. Introduction. First we introduce the basic notation we will use. Throughout the
paper the letter d will denote a fixed positive integer. Let 〈z,w〉 stand for the inner prod-
uct in the complex d-dimensional space Cd given by
〈z,w〉 = z1w1+·· ·+ zdwd ,
where z = (z1, . . . ,zd ) and w = (w1, . . . ,wd ) are coordinate representations of z and w in
the standard base {e1, . . . ,ed } of C
d . Norm in Cd induced by the inner product is denoted
by |z| =p〈z,z〉. Denote by B the unit ball {z ∈Cd : |z| < 1}. We write dv for the Lebesgue
measure in Cd normalized on the unit ball.
Following the notation from the Rudin monograph [12] as well as from the Forelli
and Rudin work [3], associate with each complex number s =σ+ i t , σ>−1 the integral
kernel
Ks (z,w)=
(
1−|w |2
)s
(1−〈z,w〉)d+1+s
,
and let
Ts f (z)= cs
∫
B
Ks (z,w) f (w)dv(w), z ∈B.
Here it is assumed that the complex power evaluates to its principal branch and that the
integral exists. The coefficient cs is chosen in a such way that for the weighted measure
dvs (w)= cs (1−|w |2)sdv(w)
we have vs(B)= 1 (so that Ts1= 1). One can show that
cs =
Γ(d + s+1)
Γ(s+1)Γ(d +1) ,
where Γ stands for the Gamma function. The operator Ts is the Bergman projection
operator. For properties of the Bergman projections we refer to [12, 13].
Let Lp (B) (1≤ p <∞) stand for the Lebesgue space of all measurable functions in the
unit ball of Cd whose modulus to the exponent p is integrable. For p =∞ let it denote
the space of all essentially bounded measurable functions. Denote by ‖ · ‖p the usual
norm on Lp (B) (1≤ p ≤∞).
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Forelli and Rudin [3] proved that the operator Ts maps L
p (B) onto the Bergman space
in the unit ball L
p
a (B) continuously if and only if σ> 1/p−1(1≤ p <∞). Moreover, they
calculated
‖Tσ‖L1(B )→L1a (B ) =
Γ(d +σ+1)
Γ2((d +σ+1)/2)
Γ(σ)
Γ(σ+1) , σ> 0,
and
‖Tσ‖L2(B )→L2a (B ) =
p
Γ(2σ+1)
Γ(σ+1) , σ>−1/2.
Very recently Liu [7] established the following two estimates
Γ((d+1)/p)Γ((d +1)/q)
Γ2((d +1)/2) ≤ ‖T0‖Lp (B )→Lpa (B ) ≤
Γ(d +1)
Γ2((d +1)/2)
pi
sin(pi/p)
,
where q = p/(p−1)(1< p <∞). He also made the conjecture that equality holds in the
left hand inequality. It would be of some interest to extend this result to the weighted
case, i.e., for any σ> 1/p−1.
On the other hand, it is known that the operator Tσ projects L
∞(B) continuously
onto the Bloch space B in the unit ball in Cd (for every σ>−1). This can be seen from
Theorem 3.4 in [13] and the Choe paper [1]. Recall that the Bloch space B contains all
functions f (z) analytic in B for which
sup
z∈B
(
1−|z|2
)
|∇ f (z)|
is finite. Here
∇ f (z)=
(
∂ f (z)
∂z1
, . . . ,
∂ f (z)
∂zn
)
is the complex gradient of f (z) at the point z. For the facts concerning the Bloch space
in several dimensions we refer to [14, 15, 13].
1.2. The main result. Let n be any positive integer and denote d˜ =
(n+d−1
d−1
)
. In what
follows let | · |
Cd˜
be a norm on Cd˜ which satisfies
|Z |
Cd˜
= |Z |
Cd˜
, Z ∈Cd˜ .
Let H(B) denotes the space of all analytic function in the unit ball, and let Z+ be the set
of all non– negative integers. Introduce the operator Dz :H(B)→H(B)d˜ by
Dz f (z)= (. . . ,∂αz f (z), . . . )
(the right side contains all ∂αz f (z) = ∂α1z1 · · ·∂
αn
zn f (z) such that for α = (α1, . . . ,αd ) ∈ Zd+
there holds |α| = n; therefore it contains d˜ components). In the Bloch space B we will
consider the following semi–norm
‖ f ‖B = sup
z∈B
(
1−|z|2
)n |Dz f (z)|Cd˜ .
Recall that f ∈B if and only if supz∈B (1− |z|2)n |∂αz f (z)| is finite for all α ∈ Zd+, |α| = n,
i.e., if and only if
sup
z∈B
max
|α|=n
(
1−|z|2
)n |∂αz f (z)|
is finite. It follows from this characterization of the Bloch space that f ∈B if and only if
‖ f ‖B <∞.
Our aim in this paper is to prove the following result.
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Theorem 1.1. The Bergman projection operator Tσ satisfies
‖Tσ‖L∞(B )→B = sup
‖G‖∞≤1
‖TσG‖B =C
Γ(λ+n)Γ(n)
Γ2((λ+n)/2)
for everyσ>−1, where λ= d +1+σ and C =max|ζ|=1 |Z (ζ)|Cd˜ .
For ζ ∈Cd in the above theorem we write Z (ζ)= (. . . ,ζα, . . . ) ∈Cd˜ (it contains all ζα =
ζ
α1
1 · · ·ζ
αd
d
, α∈ Zd+, |α| =n).
Remark 1.2. Note that the constant C depends only on the norm | · |
Cd˜
. It is easy to
check that
|Z (w)|
Cd˜
≤C , w ∈ B.
2. PRELIMINARIES
We will need some auxiliary results in order to prove our theorem.
2.1. An integral transform. It is well known that bi–holomorphic mappings of B onto
itself have the form
ϕz (ω)=
z−〈ω,z〉z/|z|2− (1−|z|2)1/2(ω−〈ω,z〉z/|z|2)
1−〈ω,z〉
up to unitary transformations for some z ∈ B\{0}. For z = 0 set ϕ0 = −Id|B . The known
identities
(2.1) 1−|ϕz (ω)|2 =
(1−|z|2)(1−|ω|2)
|1−〈ω,z〉|2
and
(2.2) (1−〈ω,z〉)
(
1−〈ϕz (ω),z〉
)
= 1−|z|2
for z,ω ∈ B will be useful in the proof of the next
Lemma 2.1. For every z ∈ B we have
(
1−|z|2
)n ∫
B
Φ(w)
|1−〈z,w〉|λ+n
dvσ(w)=
∫
B
Φ(ϕz(ω))
|1−〈z,ω〉|λ−n
dvσ(ω),
whereΦ(w) is a function in the unit ball B such that the integral on the left side exists.
Proof. The real Jacobian of ϕz (ω) is given by the expression
(JRϕz)(ω)=
{
1−|z|2
|1−〈ω,z〉|2
}d+1
(ω ∈ B).
Using (2.1) we obtain the next relation for the pull–back measure
dvσ(ϕz(ω))= cσ (1−
∣∣ϕz (w)∣∣2)σ(JRϕz)(ω)dv(ω)
= cσ
{(
1−|ω|2
)(
1−|z|2
)
|1−〈ω,z〉|2
}σ{
1−|z|2
|1−〈ω,z〉|2
}d+1
dv(ω)
=
{
1−|z|2
|1−〈ω,z〉|2
}λ
dvσ(ω).
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Denote the integral on the left side of our lemma by J . Introducing the change of
variablesw =ϕz(ω) and using the preceding result for the pull–backmeasure, we obtain
J =
∫
B
(
1−|z|2
)n
Φ(ϕz(ω))∣∣1−〈z,ϕz(ω)〉∣∣λ+n
(
1−|z|2
)λ
|1−〈z,ω〉|2λ
dvσ(ω)
=
∫
B
(
1−|z|2
)λ+n
Φ(ϕz(ω))∣∣1−〈z,ϕz (ω)〉∣∣λ+n |1−〈z,ω〉|2λ dvσ(ω)
=
∫
B
(
|1−〈z,ω〉|
∣∣1−〈z,ϕz(ω)〉∣∣)λ+nΦ(ϕz(ω))∣∣1−〈z,ϕz (ω)〉∣∣λ+n |1−〈z,ω〉|2λ dvσ(ω)
=
∫
B
Φ(ϕz(ω))
|1−〈z,ω〉|λ−n
dvσ(ω).
In the third equality we have used the identity (2.2) 
2.2. Maximum of a parametric integral. In connection with the next lemma see [12,
Proposition 1.4.10] as well as [5].
Lemma 2.2. For z ∈ B, c real, t >−1 define
Jc ,t (z)=
∫
B
(
1−|w |2
)t
|1−〈z,w〉|d+1+t+c
dv(w).
Then Jc ,t (z) is bounded in B for c < 0. Moreover, Jc ,t (z) depends only on |z|, it is increasing
in this value, and
sup
z∈B
Jc ,t (z)= Jc ,t (e1)=
Γ(d +1)Γ(t +1)Γ(−c)
Γ2((d +1+ t −c)/2) .
2.3. The Vitali theorem. The following lemma is known as Vitali theorem. For example,
see Theorem 26.C in [4].
Lemma 2.3. Let X be a measure space with finite measure µ and let hm : X → C be a
sequence of functions that is uniformly integrable, i.e., such that for every ε > 0 there
exists δ> 0, independent of m, satisfying
µ(E )< δ =⇒
∫
E
|hm |dµ< ε. (†)
Now: if limm→∞hm (x)= h(x) a.e., then
lim
m→∞
∫
X
hm dµ=
∫
X
hdµ. (‡)
In particular, if
sup
m
∫
X
|hm |sdµ<∞ for some s > 1,
then (†) and (‡) hold.
3. THE PROOF OF THE MAIN THEOREM
We start now with the proof of our main theorem. We divide it into two parts.
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Part I. The aim of the first part is to establish that
‖Tσ‖L∞(B )→B ≤C
Γ(λ+n)Γ(n)
Γ2((λ+n)/2) .
We have to precisely estimate from above the expression on the right side of the ex-
pression
‖Tσ‖L∞(B )→B = sup
z∈B ,‖G‖∞≤1
(
1−|z|2
)n |Dz (TσG)(z)|Cd˜ .
Let z ∈ B be fixed for a moment. For every Z ∗ ∈Cd˜ we have
〈Dz (TσG)(z),Z ∗〉 = cσ
∫
B
〈DzKσ(z,w),Z ∗〉G(w)dv(w).
Therefore, ∣∣〈Dz (TσG)(z),Z ∗〉∣∣≤ cσ
∫
B
∣∣〈DzKσ(z,w),Z ∗〉∣∣ |G(w)|dv(w)
≤ cσ
∫
B
∣∣〈DzKσ(z,w),Z ∗〉∣∣dv(w)
for every G ∈ L∞(B) which satisfies ‖G‖∞ ≤ 1. Since for α ∈Zd+, |α| =n we have
Dαz Kσ(z,w)=
Γ(λ+n)
Γ(λ)
(
1−|w |2
)σ
(1−〈z,w〉)λ+n
wα,
we obtain (using Lemma 2.1 in the last equality)
(
1−|z|2
)n ∣∣〈Dz(TσG)(z),Z ∗〉∣∣≤ Γ(λ+n)
Γ(λ)
(
1−|z|2
)n ∫
B
∣∣∣〈Z (w),Z ∗〉∣∣∣
|1−〈z,w〉|λ+n
dvσ(w)
= Γ(λ+n)
Γ(λ)
∫
B
∣∣∣〈Z (ϕz(ω)),Z ∗〉∣∣∣
|1−〈z,ω〉|λ−n
dvσ(ω).
Since the space Cd with the norm | · |
Cd˜
is (as a finite dimensional space) reflexive, it
follows that(
1−|z|2
)n |Dz (TσG)(z)|Cd˜ = sup|Z∗|
Cd˜
=1
(
1−|z|2
)n ∣∣〈Dz (TσG)(z),Z ∗〉∣∣
≤ sup
|Z∗|
Cd˜
=1
Γ(λ+n)
Γ(λ)
∫
B
∣∣∣〈Z (ϕz(ω)),Z ∗〉∣∣∣
|1−〈z,ω〉|λ−n
dvσ(ω)
(in the last two expression we mean the conjugate norm of Z ∗ ∈ Cd˜ ). Now, since for
|Z ∗|
Cd˜
= 1 (then also |Z ∗|
Cd˜
= 1, by our assumption concerning the norm on Cd˜ ) we
have ∣∣∣〈Z (ϕz(ω)),Z ∗〉∣∣∣≤ |Z (ϕz(ω))|Cd˜ |Z ∗|Cd˜ ≤C
(recall that C stands for the maximum of |Z (ζ)|
Cd˜
on the unit sphere; see Remark 1.2),
we infer
(
1−|z|2
)n |Dz (TσG)(z)|Cd˜ ≤ Γ(λ+n)Γ(λ) cσC
∫
B
(
1−|ω|2
)σ
|1−〈z,ω〉|λ−n
dv(ω)
=C Γ(λ+n)
Γ(λ)
cσ J−n,σ(z).
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By Lemma 2.2 we have
Γ(λ+n)
Γ(λ)
cσ J−n,σ(z)≤
Γ(λ+n)
Γ(λ)
cσ J−n,σ(e1)
= Γ(λ+n)
Γ(λ)
Γ(λ)
Γ(σ+1)Γ(d +1)
Γ(d +1)Γ(σ+1)Γ(n)
Γ2((d +1+σ+n)/2)
= Γ(λ+n)Γ(n)
Γ2((λ+n)/2)
for all z ∈ B .
Finally, we obtain
‖Tσ‖L∞(B )→B = sup
z∈B ,‖G‖∞≤1
(
1−|z|2
)n |Dz (TσG)(z)|Cd˜
≤C Γ(λ+n)Γ(n)
Γ2((λ+n)/2) ,
which is what we wanted to prove.
Part II. As the second part of the proof we are going to prove the reverse inequality
‖Tσ‖L∞(B )→B ≥C
Γ(λ+n)Γ(n)
Γ2((λ+n)/2) .
It is enough to find a sequence of points {zm ∈ B :m ∈ Z+}, and a sequence of functions
{Gm(w)∈ L∞(B) : ‖Gm‖∞ ≤ 1,m ∈Z+} such that
liminf
m→∞
(
1−|zm |2
)n |Dz (TσGm)(zm)|Cd˜ ≥C Γ(λ+n)Γ(n)Γ2((λ+n)/2) .
Recall that we denoted by C the value sup|ζ|=1 |Z (ζ)|Cd˜ . Assume that the maximum
is attained for ζ0 ∈Cn . Thus we have |ζ0| = 1 and
|Z (ζ0)|Cd˜ =C .
Since
|Z (ζ0)|Cd˜ = sup|Z∗|
Cd˜
=1
∣∣〈Z (ζ0),Z ∗〉∣∣ ,
we have
|Z (ζ0)|Cd˜ =
∣∣〈Z (ζ0),Z ∗0 〉∣∣=C
for some concrete |Z ∗0 |Cd˜ = 1 (we mean the conjugate norm of Z ∗0 ). Take {zm = εm ·ζ0 :
m ∈ Z+}, where {εm : m ∈ Z+} ⊆ (0,1) is a sequence of increasing numbers such that
limm→∞εm = 1. Denote
Gm(w)=
〈Z (w),Z ∗0 〉∣∣〈Z (w),Z ∗0 〉∣∣
|1−〈zm ,w〉|λ+n
(1−〈zm ,w〉)λ+n
(w ∈ B).
ThenGm ∈ L∞(B) and ‖Gm‖∞ = 1.
Since
Dαz Kσ(z,w)=
Γ(λ+n)
Γ(λ)
(
1−|w |2
)σ
(1−〈z,w〉)λ+n
wα,
it follows that
〈DzKσ(z,w),Z ∗0 〉 =
Γ(λ+n)
Γ(λ)
(
1−|w |2
)σ
(1−〈z,w〉)λ+n
〈Z (w),Z ∗0 〉.
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Therefore,∣∣∣〈Dz (TσGm)(zm),Z ∗0 〉
∣∣∣
= cσ
∣∣∣∣
∫
B
〈DzKσ(zm ,w),Z ∗0 〉Gm(w)dv(w)
∣∣∣∣
= Γ(λ+n)
Γ(λ)
∣∣∣∣∣
∫
B
〈Z (w),Z ∗0 〉
(1−〈zm ,w〉)λ+n
〈Z (w),Z ∗0 〉∣∣〈Z (w),Z ∗0 〉∣∣
|1−〈zm ,w〉|λ+n
(1−〈zm ,w〉)λ+n
dvσ(w)
∣∣∣∣∣
= Γ(λ+n)
Γ(λ)
∫
B
∣∣〈Z (w),Z ∗0 〉∣∣
|1−〈zm ,w〉|λ+n
dvσ(w).
Hence (
1−|zm |2
)n ∣∣∣〈Dz (TσGm)(zm),Z ∗0 〉
∣∣∣
= Γ(λ+n)
Γ(λ)
(
1−|zm |2
)n ∫
B
∣∣〈Z (w),Z ∗0 〉∣∣
|1−〈zm ,w〉|λ+n
dvσ(w)
= Γ(λ+n)
Γ(λ)
∫
B
∣∣〈Z (ϕzm (ω)),Z ∗0 〉∣∣
|1−〈zm ,ω〉|λ−n
dvσ(ω),
where we have used Lemma 2.1 in the last equality.
Since
|Dz (TσGm)(zm)|Cd˜ = sup|W ∗|
Cd˜
=1
∣∣〈D(TσGm)(zm),W ∗〉∣∣ ,
(wemean the conjugate norm ofW ∗ ∈Cd˜ ), we have
liminf
m→∞
(
1−|zm |2
)n |Dz (TσGm)(zm)|Cd˜
≥ liminf
m→∞
(
1−|zm |2
)n ∣∣∣〈Dz (TσGm)(zm),Z ∗0 〉
∣∣∣
= Γ(λ+n)
Γ(λ)
liminf
m→∞
∫
B
∣∣〈Z (ϕzm (ω)),Z ∗0 〉∣∣
|1−〈zm ,ω〉|λ−n
dvσ(ω).
We will calculate
lim
m→∞
∫
B
∣∣〈Z (ϕzm (ω)),Z ∗0 〉∣∣
|1−〈zm ,ω〉|λ−n
dvσ(ω).
We use the Vitali theorem. For fixed ω ∈ B we have
lim
m→∞
∣∣〈Z (ϕzm (ω)),Z ∗0 〉∣∣
|1−〈zm ,ω〉|λ−n
=
∣∣〈Z (ζ0),Z ∗0 〉∣∣
|1−〈ζ0,ω〉|λ−n
= C
|1−〈ζ0,ω〉|λ−n
.
Since for s = λ−1/2
λ−n > 1 (the parameter in Lemma 2.3), according to Lemma 2.2 (take
c =−1/2 and t =σ), we have
sup
m∈Z+
∫
B
{∣∣〈Z (ϕzm (ω)),Z ∗0 〉∣∣
|1−〈zm ,ω〉|λ−n
}s
dvσ(ω)≤C s sup
m∈Z+
∫
B
dvσ(ω)
|1−〈ζ0,ω〉|λ−1/2
<∞
(note that ∣∣〈Z (ϕzm (ω)),Z ∗0 〉∣∣≤ ∣∣Z (ϕzm (ω))∣∣Cd˜ |Z ∗0 |Cd˜ ≤C ),
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by the Vitali theorem we conclude that
lim
m→∞
∫
B
∣∣〈Z (ϕzm (ω)),Z ∗0 〉∣∣
|1−〈zm ,ω〉|λ−n
dvσ(ω)=
∫
B
lim
m→∞
∣∣〈Z (ϕzm (ω)),Z ∗0 〉∣∣
|1−〈zm ,ω〉|λ−n
dvσ(ω)
=C
∫
B
dvσ(ω)
|1−〈ζ0,ω〉|λ−n
=C cσ J−n,σ(ζ0).
Finally, again by Lemma 2.2 we have
liminf
m→∞
(
1−|zm |2
)n |Dz (TσGm)(zm)|Cd˜ ≥ Γ(λ+n)Γ(λ) C cσ J−n,σ(e1)
=C Γ(λ+n)Γ(n)
Γ2((λ+n)/2) .
This finishes the second part of the proof.
4. SOME COROLLARIES
We consider here some corollaries of ourmain result and wemention some of earlier
results concerning the semi–norms of the Bergman projection operator.
4.1. The one–dimensional case. The following corollary is just a reformulation of our
main theorem in the case d = 1.
Corollary 4.1. Let |·|C be a norm on C. Let a semi–norm on the Bloch spaceB in the unit
disc U in the complex plane be given by
‖ f ‖B = sup
z∈U
(
1−|z|2
)n | f (n)(z)|C.
Then, the Bergman projection operator Tσ : L
∞(U)→B satisfies
‖Tσ‖L∞(U)→B =C
Γ(2+σ+n)Γ(n)
Γ2(1+ (σ+n)/2)
for everyσ>−1, whereC =max|ζ|=1 |ζ|C.
For σ = 0 and d = 1 we put P = T0 (then we have the ordinary Bergman projection).
Perälä proved that
‖P‖L∞(U)→B =
8
pi
,
which is the main results of [10].
If the norm in the above corollary is given in the standardway, thenC = 1, and there-
fore, for the ordinary Bergman projection we have
‖P‖L∞(U)→B =
4(n+1)Γ2(n)
nΓ2(n/2)
.
4.2. The high–dimensional case. For Z = (Z1, . . . ,Zd˜ ) ∈Cd˜ denote
|Z |p =
{
|Z1|p +·· ·+ |Zd˜ |p
}1/p
(1≤ p <∞)
and
|Z |∞ = max
1≤ j≤d˜
|Z j |.
In [5] we find the semi–norm of Tσ w.r.t. the semi–norm on B given by
‖ f ‖B = sup
z∈B
(
1−|z|2
)∣∣∇ f (z)∣∣ .
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In this case
‖Tσ‖L∞(B )→B =
Γ(λ+1)
Γ2((λ+1)/2) .
If a semi–norm on B is given by
‖ f ‖B = sup
z∈B
(
1−|z|2
)n |Dz f (z)|∞ = sup
z∈B
(
1−|z|2
)n
max
|α|=n
|∂αz f (z)|,
then it is not hard to see that C = 1. Therefore, by our theorem, we have
‖Tσ‖L∞(B )→B =
Γ(λ+n)Γ(n)
Γ2((λ+n)/2) .
This result was obtained in [6].
We extend the preceding results in the following
Corollary 4.2. For 1≤ p <∞ let a semi–norm on B be given by
‖ f ‖B = sup
z∈B
(
1−|z|2
)n |Dz f (z)|p = sup
z∈B
(
1−|z|2
)n { ∑
|α|=n
|∂αz f (z)|p
}1/p
.
Then
‖Tσ‖L∞(B )→B =Cp
Γ(λ+n)Γ(n)
Γ2((λ+n)/2) ,
where
d˜1/pd−n/2 ≤Cp ≤ d˜1/p−1/2, 1≤ p < 2,
and
Cp = 1, 2≤ p <∞.
Particularly, for n = 1 (then d˜ = d) we have
Cp =
{
d1/p−1/2, if 1≤ p < 2,
1, if 2≤ p <∞.
This corollary follows from our main result and the next simple
Lemma 4.3. We have
d˜1/pd−n/2 ≤max
|ζ|=1
|Z (ζ)|p ≤ d˜1/p−1/2, 1≤ p < 2,
and
max
|ζ|=1
|Z (ζ)|p = 1, 2≤ p <∞.
Proof. It is known that for everyW ∈Cd˜ the sharp inequalities
|W |p ≤ d˜1/p−1/2|W |, 1≤ p < 2,
hold and
|W |p ≤ |W |, 2≤ p <∞.
If |ζ| = 1, then |Z (ζ)| ≤ 1;
|Z (ζ)|2 =
∑
|α|=n
|ζα|2 =
∑
|α|=n
{|ζ1|2}α1 · · · {|ζd |2}αd
≤
n∏
j=1
(|ζ1|2+·· ·+ |ζd |2)= 1.
We infer that |Z (ζ)|p ≤ d˜1/p−1/2 if 1 ≤ p < 2, and |Z (ζ)|p ≤ 1 if 2 ≤ p <∞. On the other
hand, if we take ζ = (d−1/2, . . . ,d−1/2) for 1 ≤ p < 2, and ζ = e1 in the case 2 ≤ p < ∞,
SEMI–NORMS OF THE BERGMAN PROJECTION 10
we find |Z (ζ)|p = d˜1/pd−n/2 (1 ≤ p < 2), and |Z (ζ)|p = 1(2 ≤ p < ∞). This proves the
lemma. 
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